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We consider a class of oriented hypersurfaces in hyperbolic space satisfying n r=0 (c − n +
2r)
n r H r = 0, where H r is the rth mean curvature and c is a real constant. We show how this class is characterized by a harmonic map derived from the two hyperbolic Gauss maps. By looking at hypersurfaces as orthogonal to a congruence of geodesics, we also show the relation of such hypersurfaces with solutions of the equation u + ku n+2 n−2 = 0, where k ∈ {−1, 0, 1}. Finally, we apply the relation mentioned above to obtain examples and geometrical results for the hypersurfaces.
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Introduction
One of the famous problems in the crossroad between differential geometry and analysis is the Yamabe problem. Roughly speaking, it consists on finding a complete Riemannian metric in a given conformal class with constant scalar curvature on a compact manifold M. Its solution is based on the study of a P.D.E. on M, where the unknown function is basically the conformal factor between the metrics. After Schoen's final solution of the original problem [15] , there has been a great activity in some of its variations. For instance, there are works on metrics with singularities and on the case where M has non-empty boundary, [6, 8, 10, 16] . In this context, an important special case is the one where the manifold is some domain in R n with the Euclidean metric. For this case, the problem reduces to understanding the solutions of
where k ∈ {−1, 0, 1} and is the Laplacian for the Euclidean metric. Thus, (1) arises in the study of an interesting intrinsic problem. However, in the study of the special case mentioned above, the analogy between the asymptotic behavior of metrics and asymptotic behavior of ends of constant mean curvature surfaces in R 3 has been stressed, [10] . This analogy strongly suggests that there is an extrinsic interpretation for (1) .
In this work we offer such interpretation by considering a class of oriented hypersurfaces in the real (n + 1)-dimensional hyperbolic space satisfying a special linear relation between the rth mean curvatures. More precisely, we consider ndimensional hypersurfaces M n satisfying ✩ Partially supported by CNPQ/PADCT and CAPES/PROCAD. where H r is the rth mean curvature and c is a real constant. We shall call them c-Weingarten hypersurfaces for short. In the 2-dimensional case, it seems that the corresponding surfaces were first studied by C. Epstein [5] . More recently, they were considered by Gálvez, Martínez and Mílan [7] . In [7] , it was shown, among other things, that such surfaces admit a Weierstrass representation in terms of holomorphic data. We also remark that c-Weingarten surfaces include as special case two classes of surfaces that were first studied by L. Bianchi [1] , namely, flat surfaces and surfaces with constant mean curvature equal to one.
As an initial motivation for the consideration of c-Weingarten hypersurfaces, we shall characterize them as hypersurfaces such that a certain map derived from the two hyperbolic Gauss maps is harmonic. Roughly speaking, using the hyperboloid model, we show that the local correspondence between the images of the lifts, in the positive null cone of the (n + 2)-dimensional Lorenz space, of the hyperbolic Gauss maps is a harmonic map if and only if the hypersurface is c-Weingarten. Of course, we must suppose that this local correspondence is well defined. The precise statement is our Theorem 1. This characterization is in the spirit of Bianchi's characterization of flat surfaces in H 3 .
Note that, by the characterization given above, c-Weingarten hypersurfaces are invariant under parallel transformation, i.e. if M is a c-Weingarten hypersurface then the same is true for hypersurfaces parallel to it (but not for the same value of c).
By the preceding remark, it is natural to look at c-Weingarten hypersurfaces as hypersurfaces orthogonal to a congruence of geodesics. We develop this idea working on the upper half-space model of H n+1 . After some geometrical considerations,
we define a congruence of geodesics in terms of a real smooth function ϕ : Ω ⊂ R n → R and determine what condition ϕ must satisfy in order that the orthogonal hypersurfaces associated to the congruence of geodesics are c-Weingarten hypersurfaces. The result is the following (for a precise statement see Theorem 2): ϕ must be a solution of
For n = 2, Eq. (2) reduces to the so-called Liouville equation. It is well known that the solutions of the Liouville equation are generated in terms of meromorphic functions. In this way, we have an alternative Weierstrass representation for cWeingarten surfaces. The relation between c-Weingarten hypersurfaces and solutions of (1) allows us to construct simple examples, and to characterize them under suitable hypothesis. For instance, we prove that if M is a c-Weingarten hypersurface, n 3, such that one specific hyperbolic Gauss map G − is a diffeomorphism onto S n , then M is a geodesic sphere (Theorem 2), if G − is a diffeomorphism onto S n minus one point then M is a horosphere (Theorem 3) and if G − is a diffeomorphism onto S n minus two points (for c < 0) then M is a hypersurface of revolution (Theorem 4).
We also show that if G − is an immersion we may use the Alexandrov reflection technique to study them. At first sight, the appearance of (1) in the context of hyperbolic geometry is rather surprising. As an attempt to clarify this point, we first note that one of the main features of (1) is it's invariance with respect to conformal transformations. It turns out that our construction of parametrized hypersurfaces in terms of a smooth function ϕ is also conformally invariant, in a sense explained in the end of Section 4. Therefore, one could expect that P.D.E.s for ϕ describing geometric invariants of the hypersurfaces should be conformally invariant.
The consideration of a metric at infinity defined in terms of a family of parallel hypersurfaces might also shed some light on this discussion. We remark that this metric was first considered by C. Epstein [5] , and for this reason, we shall call it Epstein metric. The point is that Epstein metric is locally conformal to the Euclidean metric, and (1) also describes a relation between two such metrics. The link between c-Weingarten hypersurfaces and (1) comes from the fact that the scalar curvature of Epstein metric is, up to a constant factor, the c in the Weingarten relation. It is also worth mentioning that this was noted by Epstein in the 2-dimensional case.
We believe that the relation between solutions of (1) and c-Weingarten hypersurfaces in hyperbolic space might give rise to interesting problems in analysis related to geometric questions about the hypersurfaces, and vice-versa. One such problem is the gluing of c-Weingarten hypersurfaces, inspired on the gluing of metrics with constant scalar curvature, [10] .
This work is organized as follows. In Section 2 we have included some preliminaries. We first establish some notation for moving frames adapted to hypersurfaces in hyperbolic space. For the reader's convenience, we also recall some models for hyperbolic space and the definition of the hyperbolic Gauss maps. In Section 3 we prove the above mentioned characterization of c-Weingarten hypersurfaces in terms of a certain harmonic map. Section 4 is devoted to the discussion of hypersurfaces orthogonal to a congruence of geodesics. We establish some useful formulae relating the geometry of an orthogonal hypersurface with a function used to generate a congruence of geodesics. In Section 5 we perform the necessary computations to establish the claimed relation between (1) and c-Weingarten hypersurfaces. In Section 6 we discuss some simple examples derived from solutions of (1) . In Section 7 we give a description of Epstein metric and proofs for Theorems 2, 3 and 4. Finally, in Section 8 we show that, under a non-degenerate hypothesis, c-Weingarten hypersurfaces are elliptic.
Preliminaries
In this work H n+1 denotes the (n + 1)-dimensional real hyperbolic space. We shall consider oriented hypersurfaces M n immersed in H n+1 . For our calculations, we will use the hyperboloid and upper half-space models for H n+1 . For the reader's convenience we briefly review the basics involving these two models.
Moving frames in H n+1
We shall denote the n + 2 Lorentzian space by L n+2 , that is, R n+2 with the inner product In what follows, the indices i, j, k are such that i, j, k ∈ {1, . . . ,n}. We have the following relations
where∇ and∇ denote, respectively, the Riemannian connections of M and H n+1 .
The forms ω i and ω ij also satisfy the following structure equations
By Cartan's lemma, there is a smooth symmetric matrix function A = (h ij ) such that
The matrix A represents the shape operator of M, A :
The eigenvalues k 1 , k 2 , . . . ,k n of the linear operator A are the principal curvatures of M. Finally, the rth-mean curvature,
where, for integers 0 r n, S r (A), is defined by We shall also consider the natural lifts of G + and G − defined byG + = e 0 + e n+1 andG − = e 0 − e n+1 .
Hyperbolic Gauss maps
Let p ∈ M,
A characterization of c-Weingarten hypersurfaces in terms of a harmonic map
We begin with a definition.
Definition 1. An oriented hypersurface in H n+1
is said to be a c-Weingarten hypersurface if
where H r is the rth mean curvature and c is a real constant.
A well-known result in differential geometry says that the Gauss map of a surface in R 3 is harmonic if and only if the surface has constant mean curvature. In the same vein, we want to characterize c-Weingarten hypersurfaces in terms of the harmonicity of a natural map related to the hyperbolic Gauss maps.
A conceptual problem is that there is no natural metric defined on ∂ ∞ H n+1 . However, by looking at H n+1 as a submanifold of L n+2 , and using local moving frames adapted to an oriented hypersurface M, we may consider the natural lifts of the hyperbolic maps. Namely,G + andG − , and look at the images of M under these maps. Now, using the metric induced by the metric in The lifts of the hyperbolic Gauss maps of M are given bỹ
Thus, from (3), (5) and (9) we have
And, from (12), we obtain
It follows from (13) , respectively, the associated connection forms. We have,
And, in a similar way,
As G − is an immersion the matrix I + A is invertible and, from (15) and (16), it follows that
where (γ aj ) is the inverse of I + A. In the sequel, we assume that a, b ∈ {1, 2, . . . ,n}. Let
Now, from the formulation of harmonicity in terms of moving frames (see [4] or [17] 
where L iaa is defined by the equation
By writing
where c is a constant.
Using (20) and (23) we obtain
Remark. For simplicity, we have assumed that G + is an immersion in the previous theorem to use the definition of harmonic maps between Riemannian manifolds. The extension of the definition of harmonic maps taking values in a pseudoRiemannian manifold allows one to drop the assumption on G + .
Orthogonal hypersurfaces to a congruence of geodesics
In this section we shall describe hypersurfaces in the upper half-space model of H n+1 as orthogonal hypersurfaces to a congruence of geodesics. More precisely, we shall write 
. , x n ).
A congruence of geodesics is given locally by a smooth map f : X
where 
where , e and |, | are, respectively, the Euclidean inner product and norm in R n (see Fig. 1 , and [13] ).
A straightforward computation gives that the integrability conditions for the system (25) is given by Furthermore, when ω = dϕ it is easy to check that the general solution for the system (25) is given by
where k is a constant. By taking the exponential on both sides of the above expression and manipulating we have
where
The proposition below gives the expression of the coefficients of the first and second fundamental forms of orthogonal hypersurfaces parametrized by (24). 
Proof. To begin with, we note that
Let γ = cos θ v 1 + sin θ v n+1 . We have
where , e is the Euclidean inner product. Thus,
Using (31) and (32) we shall compute the terms that appear in (34). We have
We also have that
Using (39) and (38) we obtain
Thus, from (34)-(40) it follows that
Finally, the expression (28) for the g ij follows from (33) and (41).
Now, let N be given by N = sin θ v 1 − cos θ v n+1 . We have
Computing each term that appears in (43), we obtain
Thus, from (43)-(46) we obtain
In this way, by symmetry, it follows from (47) that
Therefore, from (28), (42) and (48) we have that the l ij are given by (29). 2
In the proposition below, we derive expressions for the fundamental forms for the case where the closed one form is an exact differential. 
Proof. In this case we have
Thus,
From (51) and (52) we obtain
From (54) it follows that
Finally, the proposition follows from (28), (29), (53) and (55). 2
To end this section, we note that the method to obtain parametrized hypersurfaces from a function ϕ has a geometric meaning in the sense that it is well behaved with respect to conformal transformations. More precisely, let T : R n −→ R n be a conformal transformation andΩ = T (Ω). Now, it is well known that a conformal map such as T extends naturally to an isometry of hyperbolic space. Thus, the congruence of geodesics associated to ϕ is transformed by this isometry, into a new congruence of geodesics. It is not hard to see that this new congruence of geodesics can be described by a function,
say,φ defined onΩ . A natural question is: what is the relation betweenφ, ϕ and T ?
The relation is the following
where, for x ∈ Ω, y = T (x) and α is given by
In other words, ϕ andφ are related as if e 4ϕ and e 4φ where, respectively, the conformal factor of a metric conformal to the Euclidean metric and the conformal factor of the pullback of this metric with respect to a conformal transformation T .
Before giving a proof of the above, we note that α(y
describe, respectively, the congruence of geodesics defined by ϕ andφ. The two congruences are related in such way that
We may viewφ as an unknown function in (56). Sinceφ is unique up to a constant, it suffices to check thatφ( y) =
The cases where T is an isometry or a dilation are straightforward. For an inversion, T (x) = x |x| 2 , the computation is quite long and we shall limit ourselves to indicate the main steps.
Let F (y) be the left-hand side of (56). It is not hard to show that
After a long computation, one obtains
Finally, it follows from the above expression that F (y) =f (y).
Thus, the above transformation law for ϕ under conformal transformations gives us a hint that there might be some link between hypersurfaces in hyperbolic space and conformally invariant P.D.E.s. Our aim in the next section is to show that this is indeed true.
c-Weingarten hypersurfaces and the conformal scalar curvature equation
In this section we state and proof the connection between c-Weingarten hypersurfaces and solutions of (2) related to metrics conformal to the Euclidean metric that have constant scalar curvature. 
where , ∇ denote, respectively, the standard Laplacian and gradient operators in R n and K is the constant that appears in (26).
Proof. By Proposition 2 the matrices of the first and second fundamental forms of X are given, respectively, by g = 2 ). Thus, the matrix of the shape operator of M is
It is not hard to check that for a real invertible symmetric n × n matrix D we have
where c is a real constant, and
Using the relations above, it follows that
Therefore, it follows that X satisfies (10) 
Let
We have that
Using the following identities
we obtain from (61) that
Thus, from (59), we have
Therefore, (58) is equivalent to
From (26) we have δ = K λe −4ϕ , which ends the proof. 2
Examples
In this section we construct simple examples of c-Weingarten hypersurfaces from the well known explicit solutions of (2) . For the analysis below, it is convenient to make the following change of variables.
A short calculation shows that ϕ is a solution of (2) if and only if u is a positive solution of (1).
From the well known explicit solutions of (1) we obtain the following solutions of (2). a) For the case c 0 we have
If c = −n, the hypersurfaces in H n+1 associated to these solutions are totally umbilical, with principal curvatures greater or equal to one (in absolute value). In other words, geodesic spheres or horospheres. In fact,we have
Thus, the matrix for the shape operator A is given by
The hypersurfaces in H n+1 associated to these solutions are totally umbilical, with principal curvatures smaller than one (in absolute value). In other words, equidistants to a geodesic hyperplane. In fact, the matrix for the shape operator A is given by
where x 0 ∈ R n , x ∈ R n − {x 0 }, are solutions for (2) . The associated hypersurfaces are the equidistants hypersurfaces to a fixed geodesic. In fact, we have, h(x) = 2(x 0 − x), σ (x) = x 0 , R = |x − x 0 |, and θ is constant. d) For n 3 and c = 0 the non-constant radial solutions of (2) are given by ϕ(
, where a and b are real constants, such that both cannot be negative, a = 0, and x 0 and x ∈ R n with x such that
A long computation shows that the associated rotational hypersurfaces have profile curves α(s) When k = 1, Eq. (64) has a family of positive periodic solutions. These are called Fowler solutions, see for instance [8] .
From now on, this is the case we will consider.
Let u = u(t) be a solution of (64). Following the analysis in [8] , we shall consider the following change of variables
) is a solution of the following equation
Thus, if we define
it follows that u(t) = v(s(t)) are solutions of (64).
Now let v(s) be a positive periodic solution, with period T , of (65) and ϕ be the associated solution of (2). We have
Thus, the associated hypersurface is a hypersurface of revolution with a profile curve given by α(s)
where cos θ and sin θ are given, respectively, by (26) and (27) . Note that r(s + T ) = r 0 r(s), where r 0 is a positive constant. Therefore, the associated hypersurface is invariant under the isometry, described in the upper half-space model as,
Remark. For n = 4 the solutions of (65) are given explicitly by v(s) = 1 − A cos( √ 2s + b), where A and b are real constants.
Geometric interpretation and applications
The appearance of (1) related to c-Weingarten surfaces can be partly explained in a geometrical manner by appealing to what we shall call Epstein's metric at infinity g ∞ [5] . The point is that this metric is locally conformally flat and this gives us a hint that there could be some relation between (1) and hypersurfaces in hyperbolic space.
This metric is defined as follows. Consider an oriented smooth hypersurface M ⊂ H n+1 and the parallel hypersurface M t at distance t, in the positive direction defined by the orientation of M. If M t is a smooth hypersurface, we shall denote by g(t) the metric of M t , and we consider it as a metric on M. As t goes to minus infinity, the metric g(t) certainly blows up, so, following Epstein, we normalize it to get a finite limit. We shall consider the followinĝ g(t) = e 2t g(t), and consider the limit metric, Epstein metric,
This is a well defined metric on M as long as G − is an immersion, see [5] . Note that the above definition for g ∞ is geometric and therefore coordinate independent.
An interesting property of g ∞ is that, when G − is an immersion, it is always locally conformal to the standard Euclidean metric. To see this, without loss of generality, we may suppose that M admits a local parametrization as in (24). Now, it is not difficult to see that if K is the arbitrary constant that appears in (26), then the corresponding constant for M t is We also note that if M is a c-Weingarten hypersurface such that G − is an immersion then g ∞ has constant scalar curvature. In fact, using our local parametrization (24), we know that ϕ satisfies (2) . On the other hand, the scalar curvature R ∞ of a metric conformal to the Euclidean metric with conformal factor
Therefore, using (2), we see that R ∞ is constant.
Since G − is a diffeomorphism, we may pull back g ∞ to ∂ H n+1 S n . Now, a result due to Obata [11] states that the only conformally flat metrics defined on S n and having constant scalar curvature are, up to a pullback under a Möbius transformation, homothetic to the standard round metric on S n .
So, possibly after an ambient isometry of H n+1 , which corresponds to a Möbius transformation on ∂ H n+1 S n , we may suppose that g ∞ is homothetic to the round metric on S n .
By stereographic projection, we may then rewrite g ∞ as conformal to the Euclidean metric of R n . In other words, we may write
where Λ is the homothetic factor, r the radial coordinate and I the identity matrix.
On the other hand, we have seen that
The point is that the two expressions for g ∞ allows us to conclude that
where κ is a positive constant. It is immediate to check that ϕ as above generates a geodesic sphere. 2
The same technique allows us to prove the following. Proof. As in the proof of Theorem 2, if M is a c-Weingarten hypersurface such that G − is an immersion then g ∞ has constant scalar curvature.
Thus, we can pullback g ∞ to ∂ H n+1 S n , and, after a stereographic projection, with respect to p, look at it defined in R n . In this way we would have an entire solution for Eq. (1), with k being 1, 0 or −1. Now, k cannot be −1, for this would imply a positive solution of (1) defined on R n . But such a solution does not exist.
Indeed, the a priori estimate given in [9] assures that the value of u(x 0 ), where u is a solution of (1), for k = −1, defined on a ball of radius r centered at x 0 satisfies
Since r and x 0 can be arbitrary, u vanishes identically.
If k = 1, the global solutions are known, see [3] , and it is immediate to check that they generate a geodesic sphere minus a point, which is not complete.
Finally, if k = 0, Liouville's theorem for harmonic functions immediately implies that the solution of the Laplace equation is constant, and therefore the metric with constant scalar curvature must be homothetic to the Euclidean metric. Now, to see that such a metric comes from a horosphere, one may look at R n as ∂ H n+1 minus a point, and consider an inversion with respect to the unit ball in R n as the induced Möbius transformation by some ambient isometry of H n+1 . In this way, we write g ∞ as
where r is the radial coordinate, Λ > 0 and I is the identity matrix.
But we also know that g ∞ = Proof. As M is c-Weingarten and G − a diffeomorphism onto its image, we will have a metric with constant scalar curvature defined on the sphere minus 2 points. Without loss of generality, we may assume that these points are antipodal points and by the arguments in [10] , using the results of [3] , the metric must be rotationally invariant and therefore M must be a hypersurface of revolution. 2
Remark. Since there are other techniques to study the case n = 2, for simplicity, we have restricted ourselves to n 3.
Alexandrov reflection for c-Weingarten hypersurfaces
In this section we will show that one can use the geometric version of Alexandrov reflection for c-Weingarten hypersurfaces, provided that G − is an immersion.
It suffices to show that the so-called linearized operator is elliptic for c-Weingarten hypersurfaces. Proof. Eq. (10) is elliptic if and only if the associated linearized operator L is elliptic, where L is given by (see, [12] or [14] ) where " k i " means that the factor is absent in the expression.
By hypothesis, we have .
Substitution of (68) 
Therefore, the proposition follows from (69). 2
